Abstract. This brief note gives a survey on results relating to existence of closed points on schemes, including an elementary topological characterization of the schemes with (at least one) closed point.
Proof. If {x} = {x} then x is a closed point. Otherwise there exists x 1 ∈ {x} \ {x}, so {x} ⊇ {x 1 }. If x 1 is not a closed point, then continuing in this way gives a descending chain of closed subsets {x} ⊇ {x 1 } ⊇ {x 2 } ⊇ . . . which stabilizes to a closed subset Y since X is Noetherian. Then Y is the closure of any of its points, i.e. every point of Y is generic, so Y is irreducible. Since X is sober, Y is a singleton consisting of a closed point.
Since schemes are sober, this shows in particular that any scheme whose underlying topological space is Noetherian (e.g. any Noetherian scheme) has a closed point.
In general, it is of basic importance to know that a scheme has closed points (or not). For instance, recall that every affine scheme has a closed point (indeed, this is equivalent to the axiom of choice).
In this direction, one can give a simple topological characterization of the schemes with closed points. First, some notions of redundancy for an open cover:
Definition. Let X be a topological space, and U an open cover of X.
(a) U is said to be totally redundant if U ⊆ V ∈ U \{U} V for every U ∈ U.
(b) Let P be a property of topological spaces. U is said to be P-redundant if U ⊆ V ∈ U \{U} V for every U ∈ U with property P .
Recall from [1] that being an affine scheme is a topological property.
Theorem 2. The following are equivalent for a scheme X:
There exists an open cover of X that is not affine-redundant
There exists an open affine cover of X that is not totally redundant.
Proof. V . Then Z is a nonempty closed subset of X, so for any x ∈ Z, {x} X = {x} Z . Also Z is a closed subset of U , hence Z is an affine scheme (e.g. with the reduced induced subscheme structure). Thus Z has a closed point, which is then also a closed point of X.
Another way of stating Theorem 2 is that a scheme has no closed points iff every open cover is affine-redundant iff every open affine cover is totally redundant. Such schemes do exist, cf. [2] for a quasi-affine example and [3] for a general gluing construction.
The following is an immediate consequence of Theorem 2:
Corollary 3. Let X be a quasicompact scheme. Then X has a closed point.
Proof. If X is quasicompact, then X has a finite cover by open affines, and any finite cover has a subcover that is not totally redundant.
Since a closed subset of a quasicompact space is quasicompact, Corollary 3 implies that every nonempty closed subscheme of a quasicompact scheme X contains a closed point of X. This leads to a characterization of the quasicompact schemes with as few closed points as possible:
Proposition 4. The following are equivalent for a scheme X:
(1) X is quasicompact and X has a unique closed point (2) X = Spec R for some local ring R Proof. (2) =⇒ (1): an affine scheme is quasicompact. (1) =⇒ (2): let x be the unique closed point, and U an open affine neighborhood of x. Then X \ U is closed, so if X \ U were nonempty then it would contain a closed point of X, contradicting uniqueness of x. Thus X = U is affine.
In particular, spectra of local rings can be distinguished among all schemes purely by their topology.
Finally, as an extension of Proposition 1, it is also true that every locally Noetherian scheme has a closed point (cf. [4, Lemma 02IL]). Thus Theorem 2 implies that any locally Noetherian scheme has an open cover by spectra of Noetherian rings that is not totally redundant (although this is not so obvious from the definitions).
